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Numerical Models

Inputs and Outputs
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Surrogate Modelling

* One solution to such problems are fast surrogate models
* Possible surrogates include:

* Polynomials (polynomial chaos)

* Neural Nets

e (Gaussian processes

e |f the surrogate includes a measure of its own uncertainty we call it
an emulator
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5.

Procedure

. Set up prior (form of mean and covariance fn’s)

Design training experiment
Run training experiment
Estimate model parameters

Validate model (LOO or separate experiment)



Design

Because model runs are expensive
 Fill space

e Minimum number of runs

Latin Hypercubes

Deterministic models no repetition

Stochastic models repetition helps estimate the variances



What can we use i1t for

 We now have a fast, approximate version of the model.

e |t doesn’t replace the model but can be used, for example, for
1. Exploration
2. Sensitivity Analysis
3. Uncertainty Analysis

4. Inverse modelling

5. ...



UQ at the ExaScale

e ‘Exa-scale computing’ is always going to be expensive

e Can we afford UQ, even with emulators, at the Exa-
scale?

e One solution is to use hierarchies of models
e Can we aid this with ‘clever’ designs?

e |n particular can sequential designs help



Multi-Level Computer Models

u Some numerlcal mOdGIS/ Sequential Design for Multi-Level Models
codes have different levels
of complexity or resolution

= Each level has an
assoclated cost, where
higher levels are typically
more expensive and take
longer to run

= Want to model the highest
level of model, including ,
iInformation from lower 2
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Sequential Design

= Choose the next best design point to run the computer model at
to improve the fit of the emulator

= Choice of input point is typically based on a trade off between
exploration and exploitation

= For multi-level models we must choose the next best location
as well as which level to run it at



Example |
« Two inputs (x,.x,) € [0,1]° to a model f with two levels

f(1> (.’L’l,ZEQ) — X9 + IE% + $% _ \/57
FP (x1,20) = fV (21, 20) + sin(27x1) + sin(4mzixo)

» Level costs: ¢!V =1, ¢ =8
= Training data:

(XD y = D gxm)} and
(XD, y@ = (X)) =y fHx@y)

with o'V =1



Example |
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Alternative Multi-level Methods?

= Can we reduce the number of parameters in the full model whilst
maintaining accuracy?

= Can we learn anything about the GP parameters as we move up
the multi-level hierarchy?

= What if the computer model is very, very expensive, such that we
can only run it a couple of times? What if several top levels are
very expensive?

= Should the predicted variance increase as we include more data
on other levels?



New Bayesian Hierarchical GP

= Again, let /=1, ... Lrepresent L levels in a multi-level computer
model with the i level denoted by s@. Let xv = . ... x) be a

set of », inputs to a model with outputs o = < rO(x0), ... f</>(x,gj>>>

= The goal is to model the top level s as a Gaussian process
7, given there is valuable information stored in the lower
levels.

= There is information on both the form of the mean function, as
well as the correlation length parameters.

= Hence, a lower level is defined as a prior to the next level in
the hierarchy such that both the posterior predictive mean and
covariance become prior forms for the top level.



Example |
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Example |

2d example with
two highly
correlated levels

RMSE:
K&O — 0.6776
New — 0.6554
f(l)(:vl,:cz) — (:1:1:1:2)2 + sin(27zy) -
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Example |l

2d example with
two uncorrelated
levels
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Example [V

2d example with
two levels — very
limited number of
data points on
level 2

f(l)(xl, 5132) = (3315'32)2

+ sin(27z1),

P (21, 22) = FY (21, 22)
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Application: Systemic Model

=Computational fluid dynamics model simulates
haemodynamics in the large arteries of the systemic
circulation

=5 inputs to the model: f,-4, fi4, MY, fM¥V and a — vessel . > &
2

stiffness parameters in the large and small arteries, and
structured tree parameter (a)

=The model output is time-series model flow predictions
for vessels 1 to 7 and the maximum and minimum of the L
time-series pressure predictions of vessel 9

Eal
Inlet

Reference: Taylor-Lapole, Alyssa M., et al. "A computational study of aortic reconstruction in single
ventricle
patients." BMMB, vol. 22, no. 1, 2022



Application: Systemic Model

= For a multi-level model:

Flow 1

= 2 levels to the model — .
level 1 fixes f4 to a default L"
value, level 2 is the full
model

= QOutputs are taken to be
min/max of flows 1, 3 and
5 and well as min/max
pressure

Flow 3

Flow 5

= Training data: 70 points on | | B
level 1, 30 points on level 2
= Compare single GP approach
against KOH using RMSE
with 200 test points



Application: Systemic Model

Flow 1

Flow 3

Flow 5

Pressure

Min
Max
Min
Max
Min
Max
Min
Max

RMSE
KOH New
0.5402 @ 0.3250
0.3691 @ 0.3618
0.6448 0.6321
0.5316  0.6117
0.4389 @ 0.3298
0.4231 0.4264
0.9139 @ 0.8433
1.2188 = 1.1119

KOH
0.2070
0.1315
0.1814
0.1958
0.0865
0.1204
0.4756
0.7808

Average variance

New
0.1762
0.1271
0.1867
0.2233
0.0835
0.0865
0.2721
0.1170



Conclusions

GP emulators are a fast and efficient way of doing UQ problems
Exa-scale computing presents particular problems

Hierarchical models/emulators are a possible solutions

e Sequential design

* New hierarchical Bayesian solutions

Software (compatible with MOGP) coming soon!

Always looking for real world problems/collaborations



