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Time-dependent PDEs

Semi-discrete PDE: M∂tu +Ku = b(t)

Trapezium rule: M (u
n+1 − un
∆t

) +K (u
n+1 + un

2
) = bn+1

Implicit system: (M + ∆t

2
K)un+1 = (M − ∆t

2
K)un +∆tbn+1

Recurrence relation: A0u
n +A1u

n+1 = bn+1
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All-at-once system

A0u
n +A1u

n+1 = bn+1
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Maday & Rønquist, 2008, C. R. Math.
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Preconditioning the all-at-once system

P =
⎛
⎜⎜⎜
⎝

A1 αA0

A0 A1
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⎟⎟⎟
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= V
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P−1 = V´¸¶
IFFT

Block diagonal

³·µ
D−1 V −1´¸¶

FFT

P−1Au = P−1b, D j = λ1,jM + λ2,jK

McDonald et al, 2018, J. Sci. Comp.

Wu, 2018, J. Sci. Comp.
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Nonlinear all-at-once systems

A =
⎛
⎜⎜⎜
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³·µ
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P−1Aδu = P−1R(u), D j = λ1,jM + λ2,jK
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asQ2 (github.com/firedrakeproject/asQ)

▸ A library for implementing ParaDiag methods using Firedrake
and PETSc1

▸ General to any time-dependent PDE expressable in UFL

▸ Provides linear and nonlinear ParaDiag methods

▸ Parallelised in both time and space

▸ Aims to be flexible enough to be a sandbox, but performant
enough to run “real” cases

1Ham et al, 2023, Firedrake User Manual
2arXiv:2409.18792
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Space-time parallelism: firedrake.Ensemble
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asQ script
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Linear advection
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Linear shallow water
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Galewsky et al test case

Galewsky et al, 2004, Tellus A
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Nonlinear shallow water speedup
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Compressible Euler speedups
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(a) Maximum speedup (b) Block (inner) iterations

Block method Star patch Composite (rtol) Composite (ksp max it)

Speedup 2.65 6.23 (8.11) 8.92 (11.62)

J. Hope-Collins
Parallel-in-time atmospheric models

October 17, 2024
ExCALIBUR



20/21

Outline

APINTA-PDEs

The ParaDiag method

asQ

Linear problems

Nonlinear problems

Conclusions

J. Hope-Collins
Parallel-in-time atmospheric models

October 17, 2024
ExCALIBUR



21/21

Conclusions

Summary:

▸ Parallel-in-time via a diagonalisable preconditioner

▸ Open source library: github.com/firedrakeproject/asQ

▸ Excellent scaling for constant coefficient problems

▸ Moderate speedups for nonlinear problems using GS sweeping

▸ Inner blocks need very strong preconditioners

▸ asQ manuscript: arXiv:2409.18792, JHC et al.

Future work:

▸ Nt robust block preconditioners

▸ More advanced nonlinear solvers for large T = Nt∆t

▸ Other integrators (IRK?), data assimilation, other applications
. . .
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